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Abstract : The collective electronic excitation (plasmon) modes of aligned cafbon nanotube superlatticcs have been calculated The nanotubes 
arc described by two-dimensional electron gases (2DEG) confined on hollow cylindrical surfaces which are regularly aligned in a plane fonning the 2D 
sapcrlatticc, or which form a hexagonal closed-pack structure producing ihc 3D superlattice The scries of modes obtained in the random phase 
approximation can be presented as combination of three contnbutions ; (i) a one-tubule contribution, (it) a uniform 2D or 3D bulk contribution, and 
(111) a coiitiibulton related to the lattice structure. For plasmon wavelengths small compared to the distance a between axes, these modes tend to be those 
i)t individual tubules, i.e. the one-tubule contribution is dominant for aq » l  (</ = momentum). For large wavelengths, however, they tend to those of 
ihf 20 or 3D uniform electron gas, i.e the bulk contributions dominate for aq «  I. The lattice contribution to plasihon frequency is most significant 
,)i intermediate wavelengths
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L In tro d u c tio n
Hver s in ce  th e  d is c o v e ry  o f  c a rb o n  ( g r a p h it ic )  n a n o tu b e s  [ 1 .2 ], 
11 was re a l iz e d  th a t  th e y  m ig h t  h a v e  u s e f u l  a p p l ic a t io n s  in  
nanoscale e n g in e e r in g  a n d  e le c tro n ic s .  A s  th e ir  p ro p e r t ie s  w e re  
^King s tu d ie d  b y  v a r io u s  in v e s t ig a to r s ,  it w a s  a p p a re n t  th a t 
their c h a ra c te r iz a tio n  a n d  c o m m e rc ia l  a p p lic a t io n s  w o u ld  b e  
hiciliiatcd i f  a l ig n e d  s a m p le s  o f  c a rb o n  n a n o tu b e s  c o u ld  b e  
produced in  b u lk  q u a n ti t ie s .
A jayan  et al [3 ]  w e re  th e  f i r s t  to  p ro d u c e  a l ig n e d  a r r a y s  o f  
ea rb o n  n a n o t u b e s  b y  c u t t i n g  p o l y m e r - r e s i n  n a n o t u b e  
com posites. H o w e v e r ,  b e c a u s e  o f  th e  p re .sen ce  o f  th e  re s in -  
^latrix a n d  b e c a u s e  th e  d e g re e  o f  a l ig n m e n t  w e re  d e p e n d e n t  on  
iHc th ick n ess  o f  th e  s a m p le ,  th e s e  a l ig n e d  n a n o tu b e s  w e re  n o t 
ideal for s tu d y  o f  th e ir  p ro p e r tie s . T o  p ro d u c e  a lig n e d  n a n o tu b e s , 
dc H eer et al [4 ]  f i r s t  c r e a te d  a  s u s p e n s io n  o f  n a n o tu b e s  in  
c'dianol a n d  th e n  p a s s e d  th e  s u s p e n s io n  th r o u g h  a  0 . 2  |im - p o r e  
ceramic f i l te r  w h ic h  p rcx lu ccd  a  b la c k  d e p o s i t  o n  th e  filte r. T h e y  
ihcn tra n s fe r re d  th e  d e p o s i te d  m a te r ia l  o n to  a  p la s t ic  su r fa c e  
(letlon o r d e r l in )  a n d  th e n  r u b b e d  th e  s u r fa c e  w ith  te f lo n  o r  
alum inum fo il w h ic h  p ro d u c e d  a n  a l ig n e d  a n d  d e n s e ly  p a c k e d  
(Corresponding Author
n a n o tu b c  f i lm . H o w e v e r ,  th i s  m e th o d  a p p a r e n t ly  p r o d u c e s  
n a n o tu b e s  o f  d if fe re n t  s iz e s  so m e  o f  w h ic h  a ls o  s t ic k  to g e th e r  
th u s  a f f e c tin g  th e ir  p ro p e r tie s . S in g le -w a lle d  a lig n e d  b u n d le  o f  
n a n o tu b e s  w e re  th e n  p ro d u c e d  b y  T h e s s  et a! [5 ] b y  m e ta l 
c a ta ly z e d  la.ser a b la t io n  o f  g ra p h i te . M o re  re c e n tly . L i et al [6 ] 
h a v e  re p o r te d  la rg e -.sca le  s y n th e s is  o f  a l ig n e d  c a rb o n  n a n o tu b e s  
b y  a  c h e m ic a l v a p o r  d e p o s i t io n  te c h n iq u e  c a ta ly z e d  b y  iro n  
n a n o p a r t ic lc s  e m b e d d e d  in  m e s o p o r o u s  s i l ic a .  I t  w a s  th e n  
p o in te d  o u t  b y  T e r ro n e s  et al (7 )  th a t  th e  c o m m o n ly  u se d  
m e th o d s  to  g e n e ra te  n a n o tu b e s  h a v e  th e  d ra w b a c k  th a t  th e y  
a lso  fo rm  p o ly h e d ra l p a r t ic le s  a n d  th a t th e  n a n o tu b e s  a re  v a r ia b le  
in  s ize . B y  u s in g  a  la s e r  e tc h in g  m e th o d  th e y  a c h ie v e d  c o n tro lle d  
p ro d u c t io n  o f  a l ig n e d  n a n o lu b e  b u n d le s  o f  le n g th  u p  to  5 0  p m  
a n d  o f  fa ir ly  u n ifo rm  d ia m e te r s  (3 0 -5 0  n m ) an d  u n c o n ta m in a te d  
b y  p o ly h e d ra l  p a r t ic le s .
T h e s e  d is c o v e r ie s  h a v e  led  to  th e  s tu d y  o f  v a r io u s  p ro p e r tie s  
o f  th e  a l ig n e d  c a rb o n  n a n o tu b e s . D e  H e e r  etal  [41 w e re  th e  f i r s t  
to  m e a s u re  th e  o p tic a l p ro p e r tie s  ( f re q u e n c y  d e p e n d e n t d ie le c tr ic  
f u n c t io n )  a n d  e le c t r o n ic  p r o p e r t ie s  ( te m p e r a tu r e  d e p e n d e n t  
re s is t iv i ty )  o n  th e  a l ig n e d  n a n o tu b e s  th e y  p ro d u c e d . U s in g  an  
e ffe c tiv e  m e d iu m  th e o ry  G a rc ia -V id a l etal [8 ] c a lc u la te d  th e  rea l 
a n d  im a g in a ry  p a r ts  o f  th e  d ie le c tr ic  fu n c t io n  a n d  fo u n d  g o o d
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a g re e m e n t w ith  d c  H e e r  etai/s e x p e rim e n ta l da ta . L ee  etal [9] 
on  th e  o th e r han d  p ro d u c e d  K  an d  B r d o p ed  sin g le -w a lled  ca rb o n  
n a n o tu b c  b u n d le s  by  v a p o r  p h a se  re a c tio n s  an d  m easu red  th e ir  
c o n d u c tiv ity  e n h a n c e m e n t d u e  to  d o p in g . In  a n o th e r p a p e r  de  
H e e r  et al [10 ] re p o r te d  th a t a lig n e d  ca rb o n  n an o lu b e s  h av e  
ex ce llen t field  em iss io n  p ro p ertie s  an d  they  m ade  a h ig h -in tensity  
e le c t r o n  g u n  b a s e d  o n  t h e i r  f i e ld  e m is s io n  p r o p e r t i e s .  
B au m g artn e r etal[\l]  s tu d ied  th e  m ag n e tic  p ro p ertie s  o f  a ligned  
n a n o tu b e s  a n d  sh o w e d  th a t th e  H a ll c o e ff ic ie n t (R^) is p o s itiv e  
in  a  w id e  te m p e ra tu re  ra n g e  in d ic a tin g  p ro m in e n c e  o f  h o le  
c o n d u c tio n . T h e y  a lso  re p o r te d  th a t th e  m a g n e to -re s is ta n c e  
(idp ,„ / p ^ )  is n e g a tiv e  a t lo w  fie ld s  w h ich  su g g e s t th e re  m ay  
be n o n c o h e re n t tr a n s p o r t  b e tw e e n  n a n o lu b e s . C h a u v e t et al
[ 1 2 ] c a r r ie d  o u t  m e a s u re m e n ts  o f  s ta tic  s u s c e p tib i l i ty  a n d  
e le c tro n - s p in  re s o n a n c e  w h ic h  sh o w  su b s ta n tia l a n is o tro p ic  
b e h a v io r  in th e  m a g n e tic  p ro p e r tie s  o f  th e  a lig n e d  n an o tu b es .
In  th is  p a p e r , w e  u n d e r ta k e  a  th e o r e t ic a l  s tu d y  o f  th e  
e le c tro n ic  p ro p e r tie s  o f  th e  a lig n e d  n a n o tu b e  sa m p le s  an d  in 
p a r t ic u la r  c a lc u la te  th e ir  c o lle c tiv e  e x c ita tio n  (p la sm o n ) m o d es  
by  u s in g  an d  e x te n d in g  a  m o d e l p re v io u s ly  d e v e lo p e d  by  the  
p re s e n t a u th o rs  fo r  th e  s tu d y  o f  a  la y e re d  tw o -d im e n s io n a l 
e le c tro n  g a s  (2 D E G ) [1 3 ] a n d  c o a x ia l n a n o tu b e s  [1 4 ]. T h e  
e le c tro n s  a re  a s s u m e d  to  b e  d is tr ib u te d  on  th e  su rfa c e s  o f  th e  
h o llo w  n a n o tu b e s  fo rm in g  cy lin d ric a l 2 D E G s. T h e se  n an o tu b es  
a re  c ith e r reg u la rly  a lig n ed  in a  p lan e  fo rm in g  a  tw o -d im en sio n a l 
su p e r la tt ic e  (2 D S L ), o r  th ey  a re  a rra n g e d  in a  h e x a g o n a l c lo se d  
p ack  s tru c tu re  fo rm in g  a th re e -d im e n s io n a l su p e rla ttic c  (3 D S L ). 
T ak in g  in to  a c c o u n t b o th  th e  in tra -  an d  in te r- tu b u le  e le c tro n ic  
C o u lo m b  in te ra c tio n  w e c a rr ie d  o u t a  m a n y -b o d y  c a lc u la tio n  o f  
th e  d ie le c tr ic  fu n c tio n  fo r b o th  su p c r la tt ic e s . T h e  c o lle c tiv e  
e x c ita tio n  (p la sm o n ) m o d e s  a re  th en  o b ta in e d  by  im p o s in g  the  
co n d itio n  o f  c a n c e lla tio n  o f  th e  d ie le c tr ic  fu n c tio n . In  tw o  recen t 
p a p e rs  L in  etal[\5,\6 ] h a v e  c a lc u la te d  th e  e le c tro n  e n e rg y  lo ss 
sp e c tra  an d  p la sm o n  e x c ita tio n s  in c a rb o n  n an o tu b e  b u n d le s  
a rra n g e d  in  a  th re e  d im e n s io n a l la ttic e . A s w ill b e  seen  later, o u r 
c a lc u la tio n  d if fe rs  fro m  th e irs  in  sev e ra l s ig n ific a n t re sp e c ts  an d  
th e  re su lts  o b ta in e d  a re  d if fe re n t in  d e ta ils .
T h e  p la sm o n  f re q u e n c ie s  o b ta in e d  fo r th e  2 D S L  an d  3 D S L  
a re  p re se n te d  in  S e c tio n s  3 a n d  4 , re sp e c tiv e ly , a lo n g  w ith  th e  
p lasm o n  freq u en c ie s  o f  a  sin g le  n an o tu b c  an d  o f  a  un ifo rm  2 D E G  
o r  3 D E G  fo r th e  p u rp o se  o f  c o m p a r iso n .
2. The multilayered system
Before embarking on the calculation of the 2D and 3D nanotube 
superlaitice (SL) excitation modes we briefly review the results 
of multilayered planar 2DEGs [ 13] and of the single tubule [14]. 
This theory will then be extended to the aligned nanotubes in 
the following sections. The calculation is done in the random 
phase approximation, the validity of which has been discussed 
by the present authors in Ref. [14]. The plasmon dispersion 
relations are obtained by the usual method based on the 
cancellation of the real part of the (complex) dielectric function.
F o r a u n ifo rm  e le c tro n  g a s  o f  d im e n s io n a li ty  d, o n e  has
R e e ( 9 . f t )p )  =  l +  v o ( ? ) r i j ( 9 ,<Wp) =  0 ,
w here  m o m en tu m  ^  is a  d -v ec to r, Vq( ^ )  is th e  C o u lo m b  p<iicmm) 
an d  ty) is  th e  e le c tro n -h o le  p ro p ag a to r. I f  q does n(,i
ex c e e d  th e  F e rm i m o m e n tu m  , o n e  c a n  w rite
Y l j iq .  CO) =  - p j  q^ /  mco^ (2 )
w h e re  p j  is th e  e le c tro n  d e n s i ty  an d  m is th e  usual (bare 
e le c tro n  m ass .
T h e  fo llo w in g  ta b le  g iv e s  th e  e x p re s s io n s  o f  v^(q) and 
fo r £/ =  3 ,2 ,  an d  1. T h e  la s t c o lu m n  g iv e s  th e  p la sm o n  (squared 
fre q u e n c y  d e d u c e d  fro m  ( 1 ).
Pa co:
3 4;r^^^ 1 q^ 4 / 3 n - - Ane^p^! m (3,r
2 Ine^ !q k ln r c {Ine^p2 ! m)q (3b
1 2 *^" A^o(^ro) 2kf /  K {le^Px / nOq^K^iqr^) ( \
N o te  th a t, in th e  las t line  o f  th is  tab le , th e  I D E G  is in (aci; 
2 D E G  co n fin ed  on a  cy lin d rica l su rface  o f  rad iu s the m oddia 
B esse l fu n c tio n  (K^ iqr^ )^ b e in g  d iv e rg e n t fo r  > 0. Mor< 
p re c ise ly  fo r  su c h  a  tu b u la r  e le c tro n  g as, o n e  h as
Vo(c^ ) = 4rce^rolo^qro)Ko(qr^^), (•«
w h ere  th e  m o d ifie d  B esse l fu n c tio n s  an d  b eh av e  as
A'o(9 'b) = -y  + * n { 2 / =  ln(I.123/^ro),
fo r  sm all a rg u m e n ts  ( y  = 0 .5 7 7  is th e  E u le r  co n stan t), rin 
y ie ld s
={p2q^ lm)4ne'^r^lQKa
=  {2 e ^ p , ! m)q^K„(qr^^),
w ith  p ,  =  ln r^p 2 , as g iv en  in  eq s . (2 ) an d  (3c).
A s  a p r o t o ty p e  f o r  a  s u p e r l a t t i c e ,  le t  u s  consider 
m u ltilay ered  elec tro n  gas. T h is  sy.stem is a  d eck  o f  parallel 2 DEG 
(la y e rs )  se p a ra te d  b y  a  d is ta n c e  a. T o  trea t th is  sy s tem , the 2D
p o te n tia l Vq ( ^ )  =  2ne^ / q h  e x te n d e d  o u ts id e  th e  2 DEG  b; 
m u ltip ly in g  it w ith  th e  fa c to r  re la te d  to  th e  3 rd  dimensioi 
z p e rp e n d ic u la r  to  th e  lay ers . E q . ( I ) th e n  ta k e s  th e  fo rm  [ 13]
where f(q,K)  is a geometrical factor given by 
2 ^ e x p ( / K 4 / i - | a n |a 9 )
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=  s in h  aq /  ( c o s h  ag -  c o s  i c ) . (7 )
This f a c to r  is  th e  F o u r i e r  t r a n s f o r m  o f  th e  z -p a r t  o f  th e  
potential. I t  is  g iv e n  b y
-K
w here th e  n 's  a re  in te g e r s  la b e l in g  th e  c o n s e c u t iv e  la y e r s  o f  th e  
system , an d  w h e re  K  =  aq^ c a n  b e  r e la te d  to  a  3 rd  c o m p o n e n t 
q p e rp e n d ic u la r  to  th e  2 D - v e c to r  q. F ro m  (6 ), o n e  o b ta in s  th e  
pla.smon d is p e rs io n  r e la t io n  [1 3 ]
(ol m)q f{K,q). (8)
T h e s e  r e s u l ts  a rc  p re s e n te d  h e re  b e c a u s e  th e y  fo rm  th e  
fra m e w o rk  in  w h ic h  w e  w ill in v e s t ig a te  th e  c o lle c t iv e  m o d e s  o f  
th e  n a n o tu b c  su p c r la t t ic e s .
3 . T h e  tw o -d im e n s io n a l  n a n o tu b e  s u p e r la t t ic e
A  2 D S L  c a n  b e  tr e a te d  as  a  sy s te m  o f  p a ra l le l 1 D E G s  a lig n e d  in  
a  p la n e  an d  se p a ra te d  b y  a  d is ta n c e  a. T h is  sy s te m  is n o t fo rm a lly  
d if fe re n t fro m  th e  a b o v e  m u lti la y e re d  e le c tro n  g as , th e  p e rio d ic ity  
o f  b o th  s y s te m s  b e in g  o n e -d im c n s io n a l .  A n  e q u a tio n  s im ila r  to
( 6 ) c a n  b e  se t u p  in  th e  fo rm
w ith
Let us m e n t io n  s e v e r a l  s p e c ia l  f e a tu re s  o f  th is  th e o ry . T h e  
2 DEG p la sm o n  d is p e r s io n  re la t io n  co  ^ oc  ^ g iv e n  in  (3 b ) , is  
icprcscnted by  a  c u r v e  in  ( tw ,^ ) - s p a c e .  F o r  th e  m u lti la y e re d  
sy>icTTi, th is  c u rv e  is  r e p la c e d  b y  a  b a n d  w h ic h  e x te n d s  b e tw e e n  
iw o lim its : an  acoustic limit (Op ^ q ,  c o r r e s p o n d in g  to  ^  =  ± / r , 
and an optical limit (Op constant, c o r r e s p o n d in g  to  jc =  0 . 
Indeed, o n e  h a s  f(±7t,q)  =  ta n h  (aq 12) » aq 12, a n d  fro m  ( 6 ) 
(his g iv es (Op oc q , Onihe  o th e r  h a n d , o n e  h a s / ( ^ ,  0 )  =  c o lh  
((iq/2) ^2 !  aq, g iv in g  o)p «  constant. M o r e o v e r  i f  th e  w h o le  
M )-vcctor Q s  (^ ,  ) is  a s s u m e d  to  b e  sm a ll c o m p a r e d  to  Ma,
one has /(< /, aq,) ^ 2 q  i a . F o r  th is  small momentum limit.
(he p lasm o n  f r e q u e n c y  b e c o m e s
(o^p =  /  m)(p2 /  a){q IQ)^ =  (Atte^p^ /  m) c o s^  6 .
T h is is th e  w e ll  k n o w n  e x p r e s s io n  o f  th e  b u lk  p la s m o n  
Irequcncy ( fo r  an  e le c tro n  d e n s i ty  P 3 -  P 2 I a) w h e re  Q is  th e  
angle b e tw e e n  v e c to r  Q a n d  th e  la y e r  p la n e s .  F in a l ly  le t u s n o te  
that f(q,K) -  1 fo r  0 0 , a n d  e x p re s s io n  (6 ) th e n  g o e s  b a c k  
to the p la s m o n  f r e q u e n c y  o f  a  s in g le  2 D E G . T h is  is  th e  one- 
layer limit. c o r r e s p o n d in g  to  a  n e g lig ib le  la y e r - la y e r  in te ra c tio n .
T he a b o v e  d is c u s s io n  s h o w s  th a t  th e  p la s m o n  ( s q u a re d )  
frequency o f  a  m u l t i la y e r e d  s y s te m  c a n  b e  c o n s id e re d  as  th e  
sum o f  th re e  te r m s  : ( i )  a  c o n tr ib u t io n , e q u iv a le n t  to
the p la sm o n  f r e q u e n c y  o f  a  s in g le  2 D E G ,
[ " p . i t o v ( 9 ) f  = ( 2 « ! e V 2
(ii) a uniform hulk c o n tr ib u t io n  (e q u iv a le n t  to  a  3 D  p la s m o n )
) f  =  /  m ) ( p 2 /  a ) (  9  /  Q f  >
(iii) a  3 rd  c o n tr ib u t io n
[ ® /U a t t ( 9 .9 z ) f  ^(2 tce^P 2 /m )q [ f{g ,K )- l-2 g /a Q ^]
"^hich is  essentially due to the lattice structure. The one-layer 
‘Contribution is dominant for ag »  1. On the contrary, the bulk 
•contribution will dominate for afi «  1.




H e re , th e  ID  p o te n t ia l  (4 )  h a s  b e e n  e x te n d e d  to  in te ra c t io n s  
b e tw e e n  e le c tr o n s  lo c a te d  o n  different tu b u le s .  It h a s  b e e n  
re p la c e d  by
VQ(q,r) = 47te^r^^^^^{qrQ)Ko{qr) w ith  r ^ r „ .  ( I I )
T h is  is  th e  in te ra c t io n  b e tw e e n  a n  e le c tro n  lo c a te d  o n  a 
tu b u le , a n d  a n o th e r  e le c tro n  lo c a te d  a t a  d is ta n c e  r  fro m  th e  a x is  
o f  th e  tu b u le . It is th e  C o u lo m b  in te rac tio n  e x p re s se d  in  c y lin d rica l 
c o o rd in a te s , w h e re  o n ly  th e  lo n g i tu d in a l p a r t  is  c o n s id e re d . IT ie 
a / im u lh a l  p a r t m a y  b e  im p o r ta n t  a s  in  th e  s tu d y  o f  sy s te m s  lik e  
th e  c o a x ia l tu b u le s  in v e s t ig a te d  in  R e f. [1 4 ] . B u t h e re , fo r  th e  
c o lle c t iv e  m o d e s  o f  a  2 D S L , th is  p a r t  c a n  be  d is re g a rd e d . A s in
(5 ) , it is  a lso  a s s u m e d  th a t / o ( ^ 'b )  “   ^ • M o re o v e r , s in c e  o n ly  th e  
l i n e a r  e l e c t r o n  d e n s i ty  is  im p o r t a n t ,  I D  e x p r e s s io n s  l ik e  
P i ~  2 nr^p 2 a n d  r i i ( ^ ,G ^ )  =  2nr^ r i 2 (< /'m ) a re  in t ro d u c e d , in  
a g re e m e n t w ith  (2 )  a n d  (3 )  (a  f a c to r  2 k  Tq is  r e m o v e d  f ro m  th e  
p o te n tia l a n d  re - in tro d u c e d  in to  th e  p ro p a g a to r  I I i  =  2 ;r  Tq FI 2 )• 
A s  a  la s t s te p , v^iq) is in t ro d u c e d  in to  (1 0 )  in  th e  fo rm
v^(q)=2e^/Co(qr^.), ( 12)
w h e re  r^ >^ c a n  b e  id e n t if ie d  w ith  th e  d is ta n c e  b e tw e e n  th e  a x e s  
o f  tu b u le s  n a n d  n \ H o w e v e r , fo r  e le c tro n s  lo c a te d  o n  th e  sa m e  
tu b u le  (n^n ')s  is  d iv e r g e n t ,  a n d  th e  o r ig in a l  a r g u m e n t  
qr^ h a s  to  b e  k e p t in  th e  te rm  An =  0 . H e n c e  (1 0 )  is f in a lly  
w r it te n  a s
F{q,K)= K^{qr^)-^ ^e"^^''K^{qa\An\)~ K^(0) (13)
T h e  f ir s t  te rm  is  a  o n e - tu b u le  te r m , c o r r e s p o n d in g  to  th e  
o n e - la y e r  te rm  fo r  th e  m u l t i la y e r e d  sy s te m . I ts  c o n tr ib u t io n  to  
(Up is th e  s a m e  a s  g iv e n  in  (3 )  ford=  1. T h e  s e c o n d  te rm  (in  
b ra c k e ts )  y ie ld s  th e  u n ifo rm  2 D E G  c o n tr ib u t io n  to g e th e r  w ith  
th e  la t t ic e  c o n tr ib u t io n .
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T h is  c a n  b e  s h o w n  e x p lic i t ly  b y  u s in g  th e  F o u r ie r  tr a n s fo rm  
o f  K(^{q\x\\ i.e.
(14)
w h e re  is  a  s e c o n d  c o m p o n e n t tra n s fo rm in g  th e  1 D  m o m e n tu m  
v e c to r  q (a lo n g  th e  tu b u le s )  in to  th e  2 D  v e c to r  Q ^ iq .q i )  w ith in  
th e  2 D S L  p la n e . T h is  c o m p o n e n t  c a n  b e  w r it te n  as
qj  ^ -  a (15)
w ith  - n  <K < n ,s  b e in g  a n  in te g e r  ( la t t ic e  v e c to r ) . B y  w rit in g  
( I 4 ) a s
/ ( o ( ? a H )  =  ^  X ( 2 / r .? + V ')  ( , 6 )
w ith
(17)
T w o  te rm s  o f  th is  e x p re s s io n  d iv e r g e  f o r  sm a ll  {q,K) : th e  
f ir s t  te rm  KQ{qr  ^) a n d  th e  te rm  .y =  0  in  th e  su m , th is  la t te r  te rm
y ie ld in g  ln ( ia ^ ) +  ; r / ^ ( K ’  ^ -^a^q^ ) .
T h e  a b o v e  d is c u s s io n  s h o w s  th a t  th r e e  c o n t r ib u t io n s  to  
c o m e  o u t  o f  ( 1 7 )  : ( i )  a  one-tuhule te rm  e q u iv a le n t  to  th e  
c o n tr ib u t io n  o f  s in g le  ID E G 's ,
s u b s t i tu t io n  o f  th is  in  (9 )  g iv e s  
a s  in  ( 3 c ) ;
( i i )  a  uniform layer c o n t r i b u t i o n ,  e q u i v a l e n t  to  a  2 D E G  
c o n tr ib u t io n ,
= + a ^q ^Y '^  = n l  aQ
g iv in g
e ) f  =5 (2ne^ /  rnXpi /  a)q cos6
where 6 s  cos~'(9  ^Q) angle between Q and the tubule 
axes -  see (3b); (iii) a third contribution, essentially due to the 
presence of a lattice structure, which can be written as
25^cosirn Ko(gan)-tc/,J~(»r^  +a^g^).
nst
F o r  sm a ll  (q,K)y th is  e x p r e s s io n  h a s  a  In ( a ^ )  behavior 
h o w e v e r ,  o b t a i n e d  b y  u s in g  th i s  te r m  w il l  b e  finn^^ 
S u b s titu tio n  o f  (1 3 )  in (9 )  y ie ld s  th e  e f f e c tiv e  p la s m o n  frequenc^
T h e  c u rv e s  re p r e s e n t in g  to g e th e r  w ith  ant
(Op unii a re  p lo t te d  in  F ig u r e  1. In  a ll o u r  c a lc u la t io n s , w e havt 
c h o s e n  th e  f o l lo w in g  d a ta  : a s  in  R e f . (1 4 )  w c  c o n s id e r  tubule 
w ith  an  e le c tro n  d e n s i ty  p ,  =  0 .3 8 A “^ a n d  a  ra d iu s  n  3 3 9 / 
[i.e. B(2y  1)5 tu b u le s ) .  T h is  y ie ld s  p ,  =  Inr^p^  =  8 .1 3 A “‘ fo 
th e  l in e a r  d e n s i ty  a lo n g  th e  tu b u le s .  M o r e o v e r ,  w e  choosi 
=r 3 r^ =  10 .17  A  fo r th e  in le r tu b u le  s e p a ra tio n  (d is ta n c e  bciweci 
tw o  a d ja c e n t  tu b u le s ) ,  a  v a lu e  c lo s e  to  th e  o n e  u se d  by  Tersof 
a n d  R u o f f  117] fo r  a  n a n o tu b e  la t t ic e .
2D
5 ,(2 ;T 5  +  x - ) = : ; r [ ( 2 ; r 5  +  x‘) “ 
eq . (1 3 )  ta k e s  th e  fo rm
F{q,K)== Ko(gro) + -;^  y p  r/K -'[5,(2n5+x:)-5,(2;ri +K-')]-
.vs - cm
0*6
kin 1 -0 0.0
Figure 1. Three-dimensional contour plots of the plasmon frcqucncie 
^p.ituh(Si)y ^ p.um2 (b) and ^p^tff (c) of the 2D system as functions of 
and K . These plots clearly show that the plasmon frequencies can both h 
optical and acoustic at different values of the wave vector componenc>
In  F ig u r e  1 (a ) , (b )  a n d  (c ) , w e  p lo t  th e  c o n to u r s  o f  plasmoi 
f r e q u e n c i e s  0)pxt^, ^p.tmi2 a n d  r e s p e c t i v e ly ,  a
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junctions o f  the  m o m e n tu m  co m p o n e n ts  q and  k • F ig u re  1 (a) 
shows th a t th e  o n e  tu b u le  fre q u e n c y  is  in d e p e n d e n t o f  k 
because o f the  q u asi> o n e-d im en sio n a l n a tu re  o f  th e  tu b u les . In 
the q u asi-u n ifo rm  tw o -d im e n s io n a l lim it (F ig u re  1 (b )), the  
plasmon freq u en cy  d ev e lo p s  b o th  q  an d  k  d ep en d en ce  and  as 
can be seen fo r ea c h  v a lu e  o f  q, the  freq u en cy  is the  h ig h est fo r 
V = 0 and th e  lo w est fo r  K = T h is  is ex p ec ted  as fc =  0  
provides the easy  d ire c tio n  fo r e lec tro n s  to  p a rtic ip a te  in the 
oscillation (sy m m etric  m o d es ) w h e reas  K - n  co rresp o n d s  to  
ihe an tisy m m etric  o sc illa tio n s  o f  th e  e lec tro n s  in the nan o tu b e  
superlattice. F o r sm all q, th e  p la sm o n  freq u en cy  has a lin ea r 
(acoustical) b e h a v io r fo r n o n v an ish in g  k . F o r v an ish in g  k  » 
However, th is freq u en cy  h as a  behav io r. S im ila r b eh av io r is 
also observed  fo r th e  e ffec tiv e  p la sm o n  freq u en cy  tis
shown in F ig u re  1 (c ) w h ich  in c lu d es  the co n trib u tio n  o f  the 
lattice struc tu re  o f  th e  2 D  la ttice . A  co m p ariso n  o f  F ig u res 1 (b) 
and 1 (c) in d ica tes  th a t th e  la ttic e  h as th e  e ffe c t o f  d im in ish in g  
the plasm on freq u en cy . A g a in  th is  is ex p ec ted  s ince  w hen  the 
electrons a re  a rran g ed  in a  la ttic e , th ey  lose som e freedom  to 
oscillate b e c a u se  o f  th e  c o n s tra in ts  im p o se d  by the  la ttic e  
structure n o t p re sen t in the  2 D E G . It is in te res tin g  to  note that 
values o f arc  in te rm ed ia te  b e tw een  those  o f  2 D E G  and 
one lu h rle . It is e v id e n t th a t c o n v e rg es  to  fo r
small values o f  aq w h ereas it ap p ro ach es for large values
(j as is ex p ected  from  p h y sica l co n sid e ra tio n s .
4. The three-dimensional nanotube superlattice
In the 3D SL, the tu b u le s  a rc  s tack ed  ag a in s t e ach  o th e r fo n n in g  
a hexagonal c lo sed  p ack ed  stru c tu re . A s fo r the 2D S L , th is 
system is trea ted  as a se t o f  a lig n ed  ID E G 's  sep ara ted  by a 
(Jistancc a. A  c ro ss  sec tio n  p e rp e n d ic u la r  to  the  tu b u le  axes 
appears as a  c lo se -p ack ed  tr ian g u la r 2D  B ravais lattice  w ith  a as 
a lattice co n stan t (see  lo w er p a rt o f  F ig u re  2). F o r th is system  
expressions sim ilar to (9) and (10) can  be written. T he m ain change 
IS that here fc is a  2 D -v ccto r. E q . (1 3 ) is th en  m o d ified  in to
A:o( 9 'o ) +
(18)
u n it v e c to r  a lo n g  th e  tu b u le  a x es  ; h e n c e  a, />, = 5 ,^ .  T h e  
co m p o n en ts  are then  w ritten  as
q , = 2 j a , + K ,  ,
w h ere  ( r , ,  r , )  are in teg ers  (rec ip ro ca l la ttice  vec to r), and  w here 
-7C<(K^,K2)<n.
Figure 2. The three-dimensional tubule supcrlatticc seen in cross section, 
appears as a inangulai close-packed Bravais laiticc (lower right part of 
the figure) Tins figure depicts the primitive cell in the reciprocal 21> 
luliice which may be u losangc (reported to the axes x, and or a 
hexagonal Bnllouiii 7one The plasmon frequency (Oj, has been calculated 
for momentum x* ranging along two symmetry directions (i) Direction 
r  defined by x » x ',-X j, with the symmetry points rix* = 0], and 
M'[K~rt]\ (n) direction X* defined by x »x'| ~ -x '2  ^ with the symmetry 
points r(x  = ()J, A:|v = 2;r/3j and Af[x* = ;rl.
T he trea tm en t o f  (18 ) fo r the 3 D S L  is qu ite  s im ila r to  the 
trea tm en t o f  ( 13) for the  2 D S L . H ere  a  2D  F o u rie r tran sfo rm  o f  
K^ )(q I X I) is in tro d u ced , i.e,




' . 2  iiK-i<’' “^ '" ''* '-"^ 'S 2 ( 2 ® ,+ > r ; ) ( 2 0 )(2nY
w ith
where (n ,,  M2) an d  (x*, ,fC2 ) a rc  2 D -v ec to rs  d e fin ed  in the  d irec t 
lattice and  in the  rec ip ro ca l la ttice , respectively . M ore precisely , 
in the d irec t la ttice , o n e  has
m =  (Mj U| +M 2 Qi)!a,
w here  I a |l= l i i2 i= ^ »  a n d  l« , X 4i 2 l=  sin  6 0 ^ , m , a n d  n^ 
being in teg e rs  ( la tt ic e  v e c to r) . In  th e  re c ip ro c a l la ttic e , the  
niom entum  c o m p o n e n t ^  , p e rp e n d ic u la r  to  the  tu b u le  axes, is 
defined as
withfr, 8 = 0 2  x i i / l a ,  x< i2 l a n d ^ 2  = t t x a , / l u ,  X fl2 h «  b e in g  the
Siip ,)^  )I \p\ +  /»2 -  P iP 2 +  ( 4 ] .
H ence
F { q , K ) =  K^ i q r ^ ) ^
dK'2[S2(2ns,+Ki)-S2(27D^+K:)].
TTy V-JT(2jD
A s in (1 7 ), tw o  te rm s d iv e rg e  fo r  sm all (q,K) : th e  first term  
Koiqr^), an d  the term  5 , =  =  0  in  th e  sum . T h is  la tte r te rm
y ie ld s \n{ciq)+(4;r / )!{q  ^+q\) w ith
= ( 4 / 3 a ^ ) ( v f  +IC 2 - t f i V j )
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A s f o r t h c 2 D S L ,  Fiq^K) g iv e n b y  ( 2 1 ), y ie ld s  th re e  typ>es o f  
c o n tr ib u t io n s  to  :
(i)  a  one-tubule c o n tr ib u t io n  re la te d  to  th e  te rm  K^iqr^, a n d
g iv in g  a s  b e fo re  ;
( i i)  a  uniform bulk c o n tr ib u tio n  c o m in g  fro m  (4n /  ) /
(q^-^ql),sxnd  g iv in g
w h e re  0 =  c o s “ * (<y /  Q) is th e  a n g le  b e tw e e n  th e  3 D -m o m e n tu m  
0 s ( ^ ,  ^ j ^ ) a n d  th e  tu b u le  a x e s  [s e e  (3 a ) ] . N o te  th a t a  3 D - 
d e n s i ty  P y - p \ !  {a} s in  6 0 ^ )  h a s  b e e n  in tro d u c e d  in  th is  la tte r  
e x p re s s io n  ;
( i i i )  a  3 rd  c o n tr ib u t io n , e s s e n tia l ly  d u e  to  th e  p re s e n c e  o f  a  
lattice structure, w h ic h  c a n  be  w r it te n  a s
itO )U ^0
-{4K na^^)l(q^  4-ql).
L ik e  th e  2 D S L  c a s e ,  fo r  sm a ll iq,K) th is  e x p re s s io n  a ls o  h a s  a 
ln (« ^ )  b e h a v io r , h o w e v e r , o b ta in e d  by  u s in g  th is  te rm  w o u ld  
a ls o  b e  f in ite . T h e  e f f e c t iv e  p la s m o n  f re q u e n c y  fo r  th e  3 D S L , 
(Oj,^ff{q,K) c a n  h e  o b ta in e d  b y  s u b s t i tu t in g  (2 1 )  in (9 ) .
T h e  p l a s m o n  f r e q u e n c i e s  h a v e  b e e n  c a l c u l a t e d  f o r  
m o m e n tu m  k r a n g in g  a lo n g  tw o  s y m m e try  d ir e c t io n s  ; (i)  
d ir e c t io n  T, d e f in e d  b y  k* s  k*, =  x*2 , w ith  th e  s y m m e try  p o in ts  
n ^  =  0 ] ,  a n d  M'[k - k ]\ ( i i )  d i r e c t i o n  X* d e f i n e d  b y  
w i t h  t h e  s y m m e t r y  p o i n t s  F fx ' =  0 ] ,  
K[k ^ 2 k /3] a n d  T h is  g e o m e tr y  is  d e p ic te d  in
F ig u re  2.
'F he  c o n to u r s  o f  th e  p la s m o n  f r e q u e n c ie s  ^p,uni?
a n d  ( ? » ^ )  a s  fu n c tio n s  o f  q an d  fo r  tw o  d if fe re n t d ire c tio n s  
o f  th e  B r il lo u in  z o n e  S  2e r  A/ a n d  7  s  r  KM a re  p lo t te d  in  
F ig u re  3 (a ) , (b )  a n d  (c ) , r e s p e c tiv e ly . A s  n o te d  b e fo re , th e  s in g le  
tu b u le  re s u lt  (F ig u re  3 (a ) )  is  in d e p e n d e n t  o f  k s in c e  e le c tro n s  
h a v e  b e e n  a l l o w e d  to  h a v e  o n ly  q u a s i - o n c - d i m e n s i o n a l  
o s c i l la tio n s . A s  in  th e  c a s e  o f  a  q u a s i> 2 D  u n if o m i a n d  2 D S L  
(F ig u re s  1 (b) a n d  (c ) ) , th e  q u a s i-3 D  u n ifo rm  a n d  3 D S L  (F ig u re s  
3 (b )  a n d  (c ) )  h a v e  m a x im u m  p la s m o n  f r e q u e n c y  a t  th e  p  p o in t 
(c o r re s p o n d in g  to  ic «  0 )  f o r  a ll  v a lu e s  o f  q. T h is  c o r r e s p o n d s  
to  th e  tru e  o p tic a l n a tu re  o f  th e  p la s m o n  fre q u e n c y . In  p a r t ic u la r , 
th e  f r e q u e n c y  r e l a te d  to  x' =  0  te n d s  to  th e  c la s s ic a l  b u lk  
p la s m o n  f r e q u e n c y  f o r  ^  -  0 . A s  w e  m o v e  a w a y  fro m  th e  p  
p o in t, th e  p la s m o n  f r e q u e n c y  d im in is h e s  fo r  a ll v a lu e s  o f  q. 
N o te  th a t it  d e m o n s tr a te s  q u a s i- a c o u s t ic  b e h a v io r  n e a r  ^  =  0  fo r  
a il v a lu e s  o f  jc e x c e p t  fo r  th e  p  p o in t .  T h e  p la s m o n  f r e q u e n c ie s  
p re s e n te d  b y  L in  etal  [ 1 5 ,1 6 ]  s e e m  to  b e  o p tic a l in  n a tu re  fo r  a ll
d ir e c t io n s .  T h is  m a y  b e  b e c a u s e  th e y  d o  n o t c a r ry  o u t a proper 
la t t ic e  su m  f o r  a  h e x a g o n a l  c lo s e d  p a c k e d  la t t ic e . T h e  lattice 
s tru c tu re  d im in is h e s  th e  p la s m o n  f r e q u e n c y  fo r  e x a c tly  the same 
re a s o n  a s  d is c u s s e d  in  th e  c a s e  o f  2 D S L . In  F ig u re  3 (c ) (in the 
p re s e n c e  o f  th e  la t t ic e ) , th e  p la s m o n  f r e q u e n c y  g o e s  u p  between 
K a n d  M p o in ts ,  w h ile  it  c o n t in u e s  to  g o  d o w n  in  F ig u re  3  (h) 
T h is  is d u e  to  th e  e q u iv a le n c e  o f  th e  la t t ic e  p o in ts  M an d  M ' and 
M ” in  th e  p e r io d ic  z o n e  s c h e m e  ( s e e  F ig u r e  2 ) . In  th e  lim it oi 
la rg e  aq, a p p ro a c h e s  th e  r e s u l t  c o r r e s p o n d in g  to  a single 
tu b u le  re s u lt ,  w h e re a s  fo r  s m a ll  aq, a p p ro a c h e s  va lues of
1.5
k/K M
Figure 3. Three-dimensional contour plots of the plasmon frcqucncic.s 
^pMnO (b) and 6)p,eff (c) of the 3D system as functions of // 
and K . T\vo different symmetry directions j; and T as described m Figu»' 
2 have been selected for these plots. The frequencies corresponding 
the K point (see Figure 2) arc those along the thick line, and the frequencies 
corresponding to p  arc on the crest of the plot. These plots clearly shoN^ 
that the plasmon frequency is fully optical at p  point and it can have 
acoustic behavior at other r  values for small q.
5. Discussion
In this paper we have carried out a calculation of the collective
electronic excitation modes (plasmon dispersion) of carbon
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nanoiubes a lig n e d  e ith e r  in  a  p la n e  fo rm in g  a 2 D S L  o r in a 
hexagonal c lo s e d  p a c k e d  s tru c tu re  in  th re e -d im e n s io n  g iv in g  
rise 10 a 3 D S L . T h e  d ie le c tr ic  fu n c tio n  h a s  b e e n  fo rm u la te d  in  
the m a n y - b o d y  f o r m u l a t i o n  u s i n g  th e  r a n d o m  p h a s e  
approxim ation . T h e  p la s m o n  d is p e rs io n  is o b ta in e d  fro m  the  
zeros o f  th e  d ie le c tr ic  fu n c tio n .
The e ffe c tiv e  p la s m o n  fre q u e n c ie s  th u s  o b ta in e d  a lo n g  w ith  
the p lasm on  f re q u e n c ie s  o f  a  s in g le  n a n o tu b c  a n d  o f  a  u n ifo rm  
2DKG or 3D E G  h av e  b een  p lo tted  in F ig u re  1 fo r the  2 D S L  an d  in 
higurc 3 fo r th e  3 D S L . I t is se e n  th a t th e  d ire c tio n  a lo n g  th e  ax es 
of the n a n o lu b e s  is  th e  "e a sy  d ire c tio n "  fo r  th e  e x c ita tio n s  o f  
(he p lasm o n s an d  th u s  fo r  an y  q, th e  m a x im u m  o c c u rs  w h en  
^ 0  for th e  2 D  sy s te m  a n d  a t /" -p o in t  fo r  th e  3 D  sy s tem . A t 
these po in ts, th e  p la s m o n  f re q u e n c y  is tru ly  o p tica l fo r  all v a lu es 
ofr/. T he p la sm o n  fre q u e n c y  fa lls  o f f  w h e n  th e  e ffe c tiv e  w av e  
vector d ev ia tes  fro m  th e  e a sy  d irec tio n . T h e  su p c rla ttic c  p lasm o n  
frequency te n d s  to  th a t o f  a  s in g le  tu b u le  w h en  th e  p la sm o n  
wavelength is sm all c o m p a re d  to  in te rtu b u le  d is tan ce  a  (aq » I ), 
and it c o n v e rg e s  to  th e  p la s m o n  f r e q u e n c y  o f  th e  u n ifo rm  
electron g as w h e n  th e  w a v e le n g th  is la rg e  c o m p a re d  to  a  (aq «  
1 1. The la ttic e  c o n tr ib u tio n  to  th e  p la s m o n  fre q u e n c y  w h ic h  is 
always n e g a tiv e  d u e  to  th e  e x tr a  c o n s tra in ts  im p o se d  by  the  
la ttice  s t r u c tu r e ,  is  m o s t  s i g n i f i c a n t  in  th e  in te r m e d ia te  
w avclen[,ths.
As m e n tio n e d  in  th e  In tro d u c tio n , in  tw o  re c e n t p a p e rs  by 
1 ,in et al [ 15 ,161  h av e  c a lc u la te d  th e  p la sm o n  f re q u e n c ie s  fo r  a 
ihreo-dim ensional ca rb o n  n a n o tu b e  b u n d le . H o w ev er, w e be lieve  
that our c a lc u la tio n  is d if fe re n t f ro m  th e irs  in se v e ra l im p o rta n t 
icspects. F irs t, th e se  a u th o rs  d o  n o t c o n s id e r  a  tw o -d im e n s io n a l 
Miperlattice a t a ll. S o  th e  c a lc u la tio n  an d  re su lts  p re se n te d  in 
Section 3 a re  a ll new . T h is  c a se  is im p o r ta n t to  s tu d y  s in ce  su ch  
a system  h a s  b e e n  r e a l iz e d  in  p ra c t ic e .  S e c o n d , f ro m  th e  
calculation th ey  p re se n te d  w e c a n n o t b e  su re  if  they  h av e  ca rried  
out a la ttice  su m m a tio n  to  in c lu d e  th e  h e x a g o n a l c lo se d  p a ck ed  
d istribution o f  th e  in d iv id u a l n a n o tu b e s . F u rth e rm o re , they  seem  
to use the th re e -d im e n s io n a l fo rm  o f  th e  C o u lo m b  p o te n tia l ff>r 
the in te ra c t io n  b e tw e e n  e le c t r o n s  o n  d i f f e r e n t  n a n o lu b e s ,  
w hereas w e h a v e  u sed  th e  m o re  p re c is e  fo rm  o f  th is  in te ra c tio n
in v o lv in g  m o d if ie d  B esse l fu n c tio n s  (see  eq . ( I 2 ) | .  P e rh ap s  fo r 
th e se  re a so n s  o u r re su lts  a re  d if fe re n t fro m  th e irs . W h ile  they  
d o  n o t c o n s id e r  th e  d if fe re n t d ire c tio n s  o f  th e  B rillo u in  zo n e , 
th ey  se e m  to  in c o rp o ra te  d ire c tio n  d e p e n d e n c e  by th e  an g le  Q 
m e a su re d  fro m  the  ax is  o f  a lig n e d  n a n o iu b e s . S u ch  an  an g u la r  
d e p e n d e n c e  se e m s  to  m is s  v a r ia tio n  o f  re s u lts  in  d if fe re n t 
d ire c tio n s  o f  th e  B rillo u in  zo n e . T h is  m ay  be th e  re a so n  as to  
w h y  th ey  m issed  th e  fac t th e  p la sm o n  freq u en cy  s ta rts  o u t b e in g  
p se u d o  a c o u s tic  fo r sm a ll v a lu e s  q aw ay  fro m  th e  f  p o in t.
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